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THE YAMABE CONSTANT ON NONCOMPACT MANIFOLDS
NADINE GROSSE AND MARC NARDMANN
ABSTRACT. We prove several facts about the Yamabe constant of Riemannian metrics on general non-
compact manifolds and about S. Kim’s closely related “Yamabe constant at infinity”. In particular we
show that the Yamabe constant depends continuously on the Riemannian metric with respect to the fine
C
2
-topology, and that the Yamabe constant at infinity is even locally constant with respect to this topology.
We also discuss to which extent the Yamabe constant is continuous with respect to coarser topologies on
the space of Riemannian metrics.
1. INTRODUCTION
For a nonempty manifold M of dimension n ≥ 3, the Yamabe map YM assigns to every Riemannian
metric g on M a number YM (g) ∈ R∪{−∞}, the Yamabe constant of g, as follows. For each compactly
supported not identically vanishing function v ∈ C∞(M,R≥0), one defines
Eg(v) :=
1
‖v‖2Lp(g)
∫
M
(
an|dv|2g + scalg v2
)
dµg ∈ R,
where p = pn := 2nn−2 and an :=
4(n−1)
n−2 and scalg denotes the scalar curvature of g. The Yamabe
constant of g is
YM (g) := inf
{
Eg(v)
∣∣∣ v ∈ C∞c (M,R≥0)\{0}} ∈ R ∪ {−∞}.
YM (g) depends only on the conformal class of g. The σ-invariant of M is
σ(M) := sup
{
YM (g)
∣∣ g ∈ Metr(M)},
where Metr(M) denotes the set of Riemannian metrics on M . Every metric g on an n-manifold satisfies
YM (g) ≤ σ(Sn) = YSn(gst) = n(n− 1) vol(Sn, gst)2/n,
where gst is the standard metric on the n-sphere Sn. (See Section 2 for details and references.)
In the case when M is compact without boundary, the Yamabe constant and σ-invariant have been
studied in hundreds of articles; cf. e.g. [3, 4, 9, 10, 22] and the reference lists therein. Several of these
works involve also Yamabe constants of noncompact manifolds as a tool. Some articles where the
noncompact case has been investigated for its own sake are [1, 2, 13, 14, 18, 19, 20]. In most cases the
focus was on special classes of noncompact manifolds and/or metrics, e.g. R × N with compact N ,
coverings of closed manifolds, or manifolds of bounded geometry. The aim of the present article is to
state and prove several facts which hold for all manifolds and metrics.
One of these results is that the functional YM is continuous in a suitable sense. In the case of compact
M , this was proved by Be´rard Bergery [6, Proposition 7.2]. He stated only continuity with respect to the
C∞-topology on the space of metrics, but the proof works obviously even for the (coarser) C2-topology;
in this form the result is also given in [7, Proposition 4.31]. The proof is not completely trivial, because
of the infimum that occurs in the definition of YM . But it is still reasonably straightforward, and the
application of Moser’s lemma suggested in both references is not really necessary.
In the present article, we discuss the continuity of YM on noncompact manifolds M , where one has
to distinguish between the usual (metrizable) compact-open C2-topology and the fine (also known as
strong or Whitney) C2-topology, which is neither metrizable nor connected; cf. Section 3 for a review.
One can also consider another natural topology on Metr(M), which we call the uniform Ck-topology;
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see Section 3. If M is noncompact, this topology is strictly finer than the compact-open Ck-topology
and strictly coarser than the fine Ck-topology.
A straightforward generalization of Be´rard Bergery’s arguments yields the following result:
1.1. Theorem. LetM be a nonempty manifold of dimension≥ 3. Then YM is upper semicontinuous with
respect to the compact-open C2-topology on Metr(M). If M is compact or YM(g) = −∞, then YM is
continuous at g with respect to the compact-open C2-topology. If M is noncompact and YM (g) > −∞,
then YM is not continuous at g for any compact-open Ck-topology on Metr(M) with k ∈ N ∪ {∞}.
The Yamabe map has better continuity properties with respect to the uniform C2-topology (recall that
for f ∈ C∞(M,R), the function f− ∈ C0(M,R≥0) is defined by f−(x) = −min{0, f(x)}):
1.2. Theorem. Let M be a nonempty manifold of dimension n ≥ 3. Then the Yamabe map YM is upper
semicontinuous with respect to the uniform C2-topology on Metr(M). At every metric g ∈ Metr(M)
which satisfies YM (g) = −∞ or admits constants ε, c ∈ R>0 with |Ricg|g ≤ c(1 + |scalg|) and
‖(scalg − ε)−‖Ln/2(g) <∞, the Yamabe map is continuous with respect to the uniform C2-topology.
However, there exist metrics at which the Yamabe map is not continuous for any uniform Ck-topology
with k ∈ N ∪ {∞}. Such metrics can have scalar curvature 0 and bounded Ricci curvature, so the
sufficient criterion above cannot be generalized to ε = 0:
1.3. Example. Let n ≥ 4, let N be a nonempty closed (n−1)-manifold with σ(N) > 0. Then N admits
a Riemannian metric h with scalh = 0 such that for the product metric g := h+dt2 on M := N×R, the
Yamabe map YM is not continuous at g for any uniform Ck-topology on Metr(M) with k ∈ N ∪ {∞}.
Even with respect to the fine C2-topology, it is not obvious that the Yamabe map is continuous at
every metric: the infimum in the definition makes the situation on noncompact manifolds even more
nonlocal than in the compact case. An argument sharper than Be´rard Bergery’s yields our main result:
1.4. Theorem. Let M be a nonempty manifold of dimension ≥ 3. Then the Yamabe map YM is contin-
uous with respect to the fine C2-topology on the space of Riemannian metrics on M .
This shows that the fine C2-topology is the correct topology in the context of the Yamabe map on
noncompact manifolds, as one might have expected. Therefore we do not mention other topologies on
Metr(M) in the following results.
Theorem 1.4 implies that for each r ∈ R∪{−∞} the set of g ∈ Metr(M) with YM (g) = r is closed
with respect to the fine C2-topology on Metr(M). For r = −∞, a stronger statement is true:
1.5. Theorem. Let M be a nonempty manifold of dimension ≥ 3. Then the set of g ∈ Metr(M) with
YM (g) = −∞ is open and closed with respect to the fine C2-topology on Metr(M).
S. Kim [18, 19] introduced another, closely related, functional Y = YM on the space Metr(M) of
Riemannian metrics on a noncompact n-manifold M : For a chosen compact exhaustion (Ki)i∈N of M ,
one defines
YM (g) := lim
i→∞
YM\Ki(g) ∈ [−∞, σ(Sn)] ,
where the restriction of g to M\Ki is suppressed in the notation. The limit exists and does not depend
on the chosen exhaustion (cf. 2.8 below). We call YM (g) the Yamabe constant at infinity of g.
1.6. Theorem. Let M be a noncompact manifold of dimension ≥ 3. Then YM is locally constant (in
particular continuous) with respect to the fine C2-topology on Metr(M).
In contrast, YM is certainly not locally constant, because YM(g) can be changed continuously by
modifying g on any compact subset K of M while keeping it fixed outside K .
Several general statements hold for the Yamabe constant and the Yamabe constant at infinity:
1.7. Theorem. Every Riemannian metric g on a noncompact manifold of dimension n ≥ 3 satisfies:
(1) −‖(scalg)−‖Ln/2(g) ≤ YM (g) ≤ YM (g).
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(2) If YM (g) < 0, then YM (g) = −∞.
(3) If YM (g) = −∞, then YM (g) = −∞.
For some remarks and a conjecture related to Theorem 1.7(1), see Section 5.
1.8. Theorem. LetM be a nonempty manifold of dimension n ≥ 3 each of whose connected components
is noncompact. Then:
(1) The image of YM is an interval which contains −∞ and 0. Thus 0 ≤ σ(M) ≤ σ(Sn).
(2) If M is diffeomorphic to an open subset of a compact n-manifold, then 0 < σ(M).
1.9. Remarks.
(1) If a metric g on a (possibly noncompact) manifold M of dimension ≥ 6 satisfies YM (g) =
σ(Sn), then g is locally conformally flat, by Aubin’s local argument [5], [21, proof of Thm. B].
Whether this generalizes to dimension 3, 4, or 5 is unclear. A simply connected n-manifold M
with n ≥ 3 admits a locally conformally flat metric if and only if it can be immersed into Sn
[23, pp. 49–50]. A noncompact connected n-manifold can be immersed into Sn if and only if it
is parallelizable; cf. 2.11 below. Thus for many noncompact manifolds M of dimension n ≥ 6
(e.g. all simply connected nonparallelizable ones), σ(Sn) does not lie in the image of YM .
(2) We suspect that σ(M) = σ(Sn) holds for every noncompact connected n-manifold M ; then for
such M , the image of YM would always be either [−∞, σ(Sn)[ or [−∞, σ(Sn)].
(3) By Theorems 1.8(1) and 1.7, the image of YM contains −∞ and a nonnegative number, but no
negative real number. Hence it is not an interval. We don’t know any other lower or upper bound
on the number of “gaps” it has. Nor do we know whether there exists a manifold M for which
the image of YM contains an interval of nonzero length. We suspect that every noncompact
connected n-manifold M admits a Riemannian metric g with YM (g) = σ(Sn). For each such
M which is diffeomorphic to an open subset of a compact manifold, this is true: [20, Theorem
3.1] implies that YM (g) = σ(Sn) holds for any g which is the pullback of a metric on the
compact manifold (note that the completeness assumption in that theorem is irrelevant because
each conformal class contains a complete metric).
In the following Sections 2, 3, we review relevant definitions and basic facts, in particular about the
Yamabe constant and topologies on Metr(M). The rest of the article contains the proofs of the theorems
and of Example 1.3. The proofs are not presented in the order of the theorem numbers but in such a way
that every result has been proved before it is applied in other proofs.
2. PRELIMINARIES
2.1. Conventions. 0 ∈ N. The words manifold, metric, map, section etc. mean smooth objects, except
when explicitly stated otherwise. Manifolds are pure-dimensional and second countable and do not have
a boundary; thus the notions closed manifold and compact manifold are synonymous.
2.2. Compact exhaustions. Let M be an n-manifold. A compact exhaustion of M is a sequence
(Ki)i∈N of compact subsets Ki of M such that for every i ∈ N, Ki is contained in the interior of
Ki+1 in M , and such that M =
⋃
i∈NKi.
Every manifold admits a compact exhaustion. Every compact exhaustion (Ki)i∈N of a compact man-
ifold M satisfies Ki = M for all sufficiently large i. If a compact exhaustion (Ki)i∈N of a connected
manifold M satisfies Ki+1 = Ki 6= ∅ for some i, then M = Ki (because Ki is open, closed and
nonempty), thus M is compact.
2.3. Upper and lower semicontinuity. Let X be a topological space, let x ∈ X. A function f : X →
R ∪ {−∞} is upper [resp. lower] semicontinuous at x iff the following is true:
• If f(x) ∈ R, then for every ε ∈ R>0 there exists a neighborhood U of x such that f(y) ≤
f(x) + ε [resp. f(y) ≥ f(x)− ε] holds for all y ∈ U .
• If f(x) = −∞, then for every c ∈ R there exists a neighborhood U of x such that f(y) ≤ c
[resp. f(y) ≥ −∞] holds for all y ∈ U .
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f is upper [resp. lower] semicontinuous iff it is upper [resp. lower] semicontinuous at each x ∈ X.
In the article [6], the notions of upper and lower semicontinuity are mixed up. This has been corrected
in [7, Proposition 4.31].
In addition to the notations which occurred in the introduction, we will use the following ones:
2.4. Notations. Let M be an n-manifold.
• Our sign convention for the Laplacian ∆g : C∞(M,R) → C∞(M,R) with respect to a Rie-
mannian metric g is ∆gu = −divg(du), i.e. ∆gu = −
∑n
i=1
∂2u
∂x2i
in Euclidean space.
• |Ricg|g ∈ C0(M,R≥0) is defined by |Ricg|g(x) =
(∑n
i,j=1 Ricg(ei, ej)2
)1/2
, where Ricg is the
Ricci tensor of g and (e1, . . . , en) is any g-orthonormal basis of TxM .
• Let q ∈ R≥1. The Lq(g)-norm of v ∈ C0(M,R) is ‖v‖Lq(g) :=
( ∫
M v
q dµg
)1/q ∈ [0,∞],
where dµg denotes the density on M induced by g. The Lq(g)-norm of a 1-form α on M is
‖α‖Lq(g) := ‖|α|g‖Lq(g). For a measurable subset A of M , the norm ‖.‖Lq(A;g) of a function or
1-form on M is defined in the same way as ‖.‖Lq(g), just with
∫
A instead of
∫
M .
• For Riemannian metrics g, h on M , dµhdµg ∈ C∞(M,R>0) is defined by dµh =
dµh
dµg dµg.
• For f ∈ C0(M,R), the functions f± ∈ C0(M,R≥0) are defined by f+(x) = max{0, f(x)}
and f−(x) = −min{0, f(x)}, respectively.
• Let k ∈ N. We define the Ck(g)-norm of a (smooth) section h in the vector bundle Sym2T ∗M
over M by ‖h‖Ck(g) :=
∑k
i=0 sup
{|∇ih|g(x) ∣∣ x ∈ M} ∈ [0,∞], where ∇ih = ∇ · · ·∇h
denotes the ith covariant derivative of h with respect to the Levi-Civita connection of g.
For K ⊆ M , the “norm” ‖h‖Ck(K;g) of a section h in Sym2T ∗M → M is defined in the same
way as ‖h‖Ck(g), just with the suprema over M replaced by suprema over K . If K is compact,
then all values of ‖.‖Ck(K;g) are finite and ‖.‖Ck(g) is indeed a norm, and all such norms induced
by different metrics g are equivalent.
2.5. Yamabe constant and σ-invariant. Notation and terminology are not standardized: the letters
µ and Q are often used instead of our Y , definitions might differ by a factor an, and some people
call YM (g) the Yamabe invariant, whereas others call the σ-invariant the Yamabe invariant of M . We
therefore avoid the term Yamabe invariant entirely. The Yamabe constant, σ-invariant terminology and
the letter Y seem to become more and more standard anyway.
Let M be a nonempty n-manifold. The Yamabe constant is a conformal invariant: For every g ∈
Metr(M) and u ∈ C∞(M,R>0), the conformal metric g˜ := u4/(n−2)g satisfies E g˜(v) = Eg(uv)
for all v ∈ C∞c (M,R≥0)\{0}, hence YM (g) = YM (g˜). (This follows by partial integration from
dµg˜ = u2n/(n−2)dµg and scalg˜ = u−(n+2)/(n−2)(an∆gu+ scalgu) and |dw|2g˜ = u−4/(n−2)|dw|2g .)
Hence also the Yamabe constant at infinity of a noncompact manifold is a conformal invariant.
Eg(v) = Eg(cv) holds for all g ∈ Metr(M) and c ∈ R>0 and v ∈ C∞(M,R≥0)\{0}. This implies
YM (g) = inf
{
Eg(v)
∣∣ v ∈ C∞c (M,R≥0), ‖v‖L2n/(n−2)(h) = 1}
for any metric h ∈ Metr(M). We will use this fact repeatedly in the present article.
Whenever g is a metric on M and U is a nonempty open subset of M , we will denote the Yamabe
constant of the restriction of g to U by YU(g); i.e., we suppress the restriction of the metric in our
notation. The same convention applies to Y .
2.6. Fact. Let M,N be nonempty n-manifolds with n ≥ 3, let ι : N → M be a smooth embedding.
Then each Riemannian metric g on M satisfies YN (ι∗g) ≥ YM (g). Thus σ(N) ≥ σ(M).
Proof. For every v ∈ C∞c (N,R≥0)\{0}, we consider the function vˆ ∈ C∞c (M,R≥0)\{0} defined by
vˆ ◦ ι = v and supp(vˆ) = ι(supp(v)). Since Eg(vˆ) = Eι∗g(v), we obtain YN (ι∗g) ≥ YM (g). 
2.7. As mentioned in the introduction, YM (g) ≤ σ(Sn) holds for every nonempty n-manifold M and
g ∈ Metr(M). This is stated and proved for closed M in [21, Lemma 3.4], and the proof for arbitrary
M consists of exactly the same local argument involving test functions with supports in a small ball.
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2.8. Let M be a noncompact n-manifold, let (Ki)i∈N be a compact exhaustion of M , let g ∈Metr(M).
In the definition of the Yamabe constant at infinity YM (g), the sequence
(
YM\Ki(g)
)
i∈N
in R ∪ {−∞}
is monotonically increasing by Fact 2.6, because M\Ki+1 ⊆ M\Ki holds for each i ∈ N. Since the
sequence is also bounded from above by σ(Sn), the limit limi→∞ YM\Ki(g) exists in [−∞, σ(Sn)].
Let (K ′i)i∈N be another compact exhaustion of M . For every i ∈ N, there exists a number j(i) ∈ N
with K ′i ⊆ Kj(i). Fact 2.6 yields YM\K ′i(g) ≤ YM\Kj(i)(g) ≤ limj→∞ YM\Kj(g) for each i, hence
limi→∞ YM\K ′i(g) ≤ limi→∞ YM\Ki(g). For symmetry reasons the reversed inequality holds as well.
Thus YM (g) does not depend on the chosen exhaustion, as we claimed in the introduction.
2.9. Remark. Recall that we did not define YM in the case whenM is empty; thus YM (g) is defined only
for noncompact manifolds (because every compact exhaustion of a compact manifold M is eventually
constant M ). For a fixed dimension n, a natural choice in the case M = ∅ would be Y∅(g) := σ(Sn) for
the unique g ∈Metr(∅). Then the assumption of M being nonempty could be omitted in the Theorems
1.1, 1.2 and 1.4. Moreover, YM (g) would be defined in the same way as above for each metric g on a
closed n-manifold M , and it would be equal to σ(Sn).
2.10. Remark. Without further comment we will often use Ho¨lder’s inequality in the following form:
For n ∈ N≥3, let p = 2nn−2 . Then
‖v2w‖L1(g) ≤ ‖v‖2Lp(g)‖w‖Ln/2(g)
hold for all manifolds M and g ∈ Metr(M) and v,w ∈ C0(M,R), because 1 = 2p + 2n .
In Remark 1.9(1), we made the following claim:
2.11. Fact. Let n ≥ 0. A noncompact connected n-manifold can be immersed into Sn if and only if it is
parallelizable.
Proof. Let M be a noncompact connected n-manifold. First we prove that M can be immersed into Sn
if and only if it can be immersed into Rn. The “if” part is obvious. For “only if”, let f : M → Sn
be an immersion, let x ∈ Sn. The set D := f−1({x}) is discrete and closed in M because f is a
local diffeomorphism. Since M is noncompact and connected, there exists an open subset M ′ of M\D
which is diffeomorphic to M (choose a smooth triangulation of M , use a diffeomorphism M → M
to move all elements of D away from the (n − 1)-skeleton, and apply [15, Theorem 3.7]). The map
f |M ′ : M ∼= M ′ → Sn\{x} ∼= Rn is an immersion.
It remains to prove that M can be immersed into Rn if and only if it is parallelizable. The “only if”
part is true because the immersion pullback of a tangent frame on Rn is a tangent frame on M . The “if”
part is an application of Smale–Hirsch immersion theory; cf. [15, Theorem 4.7]. 
3. THE THREE TOPOLOGIES
In this section we briefly review the compact-open and fine Ck-topologies. (The latter is also known
as the strong or Whitney Ck-topology [16]; we follow Gromov [12] in calling it the fine Ck-topology.)
After that, we define another natural topology on the set of Riemannian metrics, which we call the
uniform Ck-topology. It has probably been considered in the literature before, but we don’t know where.
3.1. Definition (the fine Ck-topology). Let E be a fiber bundle over a manifold M , let k ∈ N ∪ {∞}.
The fine Ck-topology on the set of (smooth) sections in E is defined by declaring at each section s a
neighborhood basis Bk(s) as follows [24, p. 9]. A section ξ in the k-jet bundle JkE over M can be
identified with its graph, i.e. with the image graph(ξ) of ξ in the total space of JkE. We define Uk(s) to
be the set of open neighborhoods of graph(jks) in the total space of JkE. For U ∈ Uk(s), we consider
the set NU of sections s˜ in E with graph(jk s˜) ⊆ U . Then
Bk(s) :=
{NU ∣∣ U ∈ Uk(s)}.
Metr(M) is the set of sections in the fiber bundle Sym2+T ∗M over M , whose fiber over x consists of the
positive definite symmetric bilinear forms on T ∗xM . Thus a fine Ck-topology is defined on Metr(M).
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3.2. Examples. Let E be a fiber bundle over a manifold M , let k ∈ N ∪ {∞}, let F ∈ C0(JkE,R≥0),
let ε ∈ C0(M,R>0), let s be a section in E with F ◦ jks = 0. Then the set of sections s˜ in E with
F ◦ jk s˜ < ε is an open neighborhood of s with respect to the fine Ck-topology: since F , ε and the
projection pr : JkE → M are continuous, the set U = {η ∈ JkE | F (η) < ε(pr(η))} is an open
neighborhood of graph(jks), and thus the set NU of sections s˜ in E with F ◦ jks˜ < ε is fine Ck-open.
For instance, let g ∈ Metr(M). If F : J2Sym2+T ∗M → R is one of the following maps, then the set
of h ∈ Metr(M) with F ◦ j2h < ε is an open neighborhood of g with respect to the fine C2-topology:
(1) F : j2xh 7→ |scalh(x)− scalg(x)|.
(2) F : j2xh 7→ max
{∣∣|α|2h − 1∣∣ ∣∣ α ∈ T ∗xM, |α|g = 1}.
(3) F : j2xh 7→
∣∣dµh
dµg (x)− 1
∣∣
.
(4) F : j2xh 7→
∣∣d( dµhdµg )∣∣g(x).
(5) F : j2xh 7→
∣∣∆g( dµhdµg )(x)∣∣.
(The maps (2), (3) even define fine C0-neighborhoods, and (4) defines a fine C1-neighborhood. But we
will later use only that they are fine C2-neighborhoods.) All these maps F are well-defined because the
right-hand sides contain at most second derivatives of h, and the continuity is easy to check in each case.
3.3. Definition (the compact-open Ck-topology). For topological spaces X,Y , the compact-open topol-
ogy on the set of continuous mapsX → Y is well-known. LetE be a fiber bundle over a manifold M , let
k ∈ N∪ {∞}. We consider the map jk from the set of (smooth) sections in E to sections in JkE which
sends each s to its k-jet prolongation jks, and we equip the set of sections in JkE with the subspace
topology of the compact-open topology on the space of continuous maps M → JkE. The compact-open
Ck-topology on the set of sections in E is the coarsest topology which makes jk continuous.
The following basic facts are well-known [16, p. 35–36]:
3.4. Facts. Let k ∈ N ∪ {∞}. The compact-open Ck-topology on Metr(M) is metrizable and path-
connected (for g0, g1 ∈Metr(M), the path (gt)t∈[0,1] given by gt := (1− t)g0 + tg1 is continuous). For
k < ∞, a sequence (gi)i∈N in Metr(M) converges to g ∈ Metr(M) with respect to the compact-open
Ck-topology if and only if for some (and hence every) auxiliary metric h ∈ Metr(M) (e.g. h = g) and
for every compact subset K of M , the sequence (‖gi − g‖Ck(K;h))i∈N converges to 0. If M is compact,
then the fine Ck-topology on Metr(M) is equal to the compact-open Ck-topology on Metr(M). If
M is noncompact, then the fine Ck-topology on Metr(M) is (much) finer than the compact-open Ck-
topology. For instance it is neither first countable (hence not metrizable) nor connected. For metrics
g0, g1 ∈ Metr(M) which differ outside each compact subset ofM , every path from g0 to g1, in particular
the map [0, 1]→ Metr(M) given by t 7→ (1− t)g0 + tg1, is not fine Ck-continuous. The compact-open
(resp. fine)C∞-topology (considered as a set of open sets) on Metr(M) is the union of all compact-open
(resp. fine) Ck-topologies on Metr(M) with k ∈ N. For l ∈ N ∪ {∞} with l ≥ k, the compact-open
C l-topology on Metr(M) is finer than the compact-open Ck-topology, and the fine C l-topology on
Metr(M) is finer than the fine Ck-topology.
Consider a section s0 in a fiber bundle E over a noncompact manifold M . Each neighborhood of s0
with respect to the compact-open C0-topology contains sections s such that the values s(x) and s0(x)
are, intuitively speaking, farther and farther away as x tends to infinity in M . Whereas, again intuitively
speaking, for each element s of a typical neighborhood of s0 with respect to the fine C0-topology, the
values s(x) and s0(x) become closer and closer as x tends to infinity in M . (Similar intuitive statements
involving derivatives of s0, s apply to the higher Ck-topologies.) A topology with the property that,
for a typical element s of a typical neighborhood of s0, the distance of s0(x), s(x) stays uniform as x
tends to infinity can in general make sense only after one has equipped the fibers of E with an auxiliary
metric which defines what is meant by “distance” and “uniform”. The resulting topology will then
depend strongly on that auxiliary metric. But in the special situation where E = Sym2+T ∗M , a uniform
topology can be defined without reference to an auxiliary metric:
3.5. Definition (the uniform Ck-topology). Let M be a manifold, let k ∈ N. We define the uniform Ck-
topology on Metr(M) by declaring at each g ∈ Metr(M) a neighborhood basis B′k(g): for ε ∈ R>0,
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we let Ng,ε,k :=
{
h ∈ Metr(M) ∣∣ ‖h − g‖Ck(g) < ε} and B′k(g) := {Ng,ε,k | ε ∈ R>0}. We define
the uniform C∞-topology on Metr(M) to be the union of all uniform Ck-topologies (considered as sets
of open sets) on Metr(M) with k ∈ N.
Proof that this defines a neighborhood basis of a topology on Metr(M). Each B′k(g) is nonempty, and
each Ng,ε,k contains g. For every two elements Ng,ε0,k,Ng,ε1,k of B′k(g), the set Ng,ε0,k ∩ Ng,ε1,k
contains an element of B′k(g), namely Ng,min(ε0,ε1),k. 
The uniform Ck-topologies are natural objects in particular when one considers Riemannian metrics
on product manifolds M × N with compact M and noncompact N . The compact-open topologies
are much too coarse to control the Yamabe constant even near product metrics, as Theorem 1.1 shows.
Whereas the fine topologies are much too fine for instance for a reasonable discussion of 1-parameter
families of product metrics gM (t)⊕ gN on M ×N , because they make such a 1-parameter family con-
tinuous only if it is constant. In contrast, the uniform Ck-topology makes such a 1-parameter family
continuous if and only if (gM (t))t∈R is a Ck-continuous family (the fine/uniform/compact-open distinc-
tion plays no role here because M is compact); moreover, it makes the Yamabe map continuous at many
product metrics (provided k ≥ 2), as one can see from Theorem 1.3. This is what one would intuitively
expect from a nice topology on Metr(M × N). Unfortunately, Example 1.3 shows that the uniform
topologies do not make YM×N continuous at every product metric.
3.6. Facts. Let M be a manifold, let k, l ∈ N∪{∞} with l ≥ k. The uniform Ck-topology on Metr(M)
is coarser than the uniform C l-topology. It is finer than the compact-open Ck topology, and it is coarser
than the fine Ck-topology; in particular, it is equal to both these topologies if M is compact. If M
is noncompact, then the uniform Ck-topology on Metr(M) is neither equal to any compact-open Cr-
topology nor equal to any fine Cr-topology.
Proof. If l ∈ N, then every uniform Ck-neighborhood Ng,ε,k of g ∈ Metr(M) contains a uniform
C l-neighborhood of g, namely Ng,ε,l. Thus the uniform Ck-topology is coarser than the uniform C l-
topology if l ∈ N. The same holds by definition of the uniform C∞-topology also for l =∞.
Every uniform Ck-neighborhood Ng,ε,k is a fine Ck-neighborhood of g: since |∇i(h − g)|g(x) de-
pends continuously on jixh, there exists a neighborhood U of graph(jkg) in JkSym2+T ∗M such that the
elements of
Ng,ε,k =
{
h ∈ Metr(M)
∣∣∣ ∑ki=0 sup{|∇i(h− g)|g(x) ∣∣ x ∈M} < ε}
are precisely those h ∈ Metr(M) with graph(jkh) ⊆ U . Thus the uniform Ck-topology is coarser than
the fine Ck-topology.
For K ⊆ M and U ⊆ JkSym2+T ∗M , let MK,U,k := {h ∈ Metr(M) | ∀x ∈ K : jkxh ∈ U}.
By definition of the compact-open Ck-topology, the sets MK,U,k such that K ⊆ M is compact and
U ⊆ JkSym2+T ∗M is open form a subbase of the compact-open Ck-topology. We claim that each of
these subbase elements is uniform Ck-open. In order to check this, we consider an element g ofMK,U,k.
Since U is open and K is compact, there exists an ε ∈ R>0 such that |∇i(h − g)|g(x) < εk+1 holds
for all h ∈ MK,U,k and x ∈ K and i ∈ {0, . . . , k}; here ∇ denotes the Levi-Civita connection of g.
Therefore the uniform Ck-open set Ng,ε,k is obviously contained in MK,U,k. As this is true for every
g ∈ MK,U,k, the set MK,U,k is indeed uniform Ck-open. This proves that the uniform Ck-topology is
finer than the compact-open Ck-topology.
The uniform Ck-topology is not equal to any fine Cr-topology if M is noncompact, because the
uniform Ck-topology is by definition first countable, whereas the fine Cr-topology is not if M is non-
compact; cf. Facts 3.4.
The uniform Ck-topology is not equal to any compact-open Cr-topology if M is noncompact: We
take any metric g on M and any f ∈ C∞(M,R>0) which is not bounded from above, and we consider
γ : [0, 1] → Metr(M) given by γ(t) := (1 − t)g + tfg. This γ is compact-open Cr-continuous at 0,
because limt→0‖γ(t) − γ(0)‖Cr(K;γ(0)) = limtց0 t‖(f − 1)g‖Cr(K;g) = 0 holds for every compact
7
subset K of M . But γ is not uniform Ck-continuous at 0: For the neighborhood Ng,1,k ⊆ Ng,1,0 of
g = γ(0), there does not exist any δ ∈ R>0 with ∀t ∈ [0, δ] : γ(t) ∈ Ng,1,k. That’s because∥∥γ(t)− g∥∥
C0(g)
= t
∥∥(1− f)g∥∥
C0(g)
= t sup
x∈M
∣∣(1− f)g∣∣
g
(x) = t sup
x∈M
√
dim(M) |f(x)− 1| =∞
for each t ∈ R>0. Thus the uniform Ck-topology differs indeed from the compact-open topologies. 
We leave it to the interested reader to state and prove further properties of the uniform Ck-topology.
In the present article it serves only as an instructive intermediate step between the compact-open and fine
topologies which clarifies nicely the continuity properties of the Yamabe map, in particular at product
metrics on product manifolds one of whose factors is compact. All we have to know in that context are
the facts listed above and Lemma 10.1 below.
4. PROOF OF UPPER SEMICONTINUITY
The proof of the following fact generalizes directly the one for closed manifolds [6, Proposition 7.2].
4.1. Lemma. Let M be a nonempty manifold of dimension n ≥ 3. Let Metr(M) be equipped with the
compact-open C2-topology. Then YM is upper semicontinuous. In particular, YM is continuous at each
metric g with YM(g) = −∞.
Proof. For each v ∈ C∞c (M,R≥0)\{0}, the map Metr(M) → R given by g 7→ Eg(v) is continuous
with respect to the compact-open C2-topology: Since this topology is metrizable, it suffices to show
that whenever a sequence (gi)i∈N in Metr(M) converges to g, then limi→∞Egi(v) = Eg(v). For
the compact set K := supp(v), the convergence of (gi)i∈N to g implies limi→∞‖gi − g‖C2(K;g) = 0,
which yields obviously limi→∞‖scalgi − scalg‖C0(K) = 0 and limi→∞
∥∥|dv|2gi − |dv|2g∥∥C0(K) = 0 and
limi→∞
∥∥dµgi
dµg − 1
∥∥
C0(K)
= 0, thus limi→∞Egi(v) = Eg(v). Hence g 7→ Eg(v) is indeed continuous.
Recall that whenever X is a topological space and Y is a nonempty set and f : X × Y → R has the
property that f(., y) : X → R is continuous for every y ∈ Y , then the map X → R ∪ {−∞} given
by x 7→ inf{f(x, y) | y ∈ Y } is upper semicontinuous [8, §IV.6.2, Corollary to Thm. 4]. Applying
this to X = Metr(M) and Y = C∞c (M,R≥0)\{0} and f : (g, v) 7→ Eg(v), we see that Yg is upper
semicontinuous with respect to the compact-open C2-topology. 
4.2. Corollary. Let M be a nonempty manifold of dimension ≥ 3, let k ∈ N≥2 ∪ {∞}. Let Metr(M)
be equipped either with the compact-open Ck-topology or with the uniform Ck-topology or with the fine
Ck-topology. Then YM is upper semicontinuous. It is continuous at each metric g with YM (g) = −∞.
Proof. Each of the considered topologies is finer than the compact-open C2-topology. 
5. PROOF OF THEOREM 1.7
Proof of Theorem 1.7(1). By Fact 2.6, YM (g) ≤ YM\K(g) holds for all compact subsets K of M . Thus
YM (g) ≤ YM (g). In order to prove −‖(scalg)−‖Ln/2(g) ≤ YM (g), we apply the Ho¨lder inequality
to each v ∈ C∞c (M,R≥0)\{0} (using ‖v‖2Lp = ‖v2‖Lp/2 and 2p + 2n = 1 for p = 2nn−2 ) and take the
infimum over v afterwards:
Eg(v) =
∫
M
(
an|dv|2g + scalg v2
)
dµg
‖v‖2Lp(g)
≥ −
∫
M (scalg)− v
2 dµg
‖v‖2Lp(g)
≥ −∥∥(scalg)−∥∥Ln/2(g). 
5.1. Remarks. In the estimate YM (g) ≤ YM (g), equality is possible. Clearly we have YM (g) = YM (g)
if YM(g) = σ(Sn). If YM (g) = −∞, then Theorem 1.7(3) will give equality. Moreover, if (M,g) is
almost homogeneous in the sense that there exists a bounded subset U of M such that for each x ∈ M
there is an isometry of M with f(x) ∈ U , then YM(g) = YM (g): see [13, Remark 14].
Equality in −‖(scalg)−‖Ln/2(g) ≤ YM (g) can also occur. For instance, if M is closed and scalg is a
nonpositive constant, then we have equality. For closed manifolds, scalg being a nonpositive constant is
the only possibility to get equality (this is easy to deduce from the Aubin–Schoen theorem [21] which
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implies that the infimum in the definition of YM (g) is achieved at some v). On noncompact manifolds
equality holds also e.g. if YM (g) = −∞.
While ‖(scalg)−‖Ln/2(g) <∞ implies YM (g) > −∞, the converse is in general not true: for instance,
the n-dimensional hyperbolic space has Yamabe constant σ(Sn), but satisfies ‖(scalg)−‖Ln/2(g) = ∞
because of its infinite volume and constant negative scalar curvature. That the two conditions are not
equivalent should not be surprising: YM(g) is a conformal invariant of g, but the Ln/2(g)-norm of
(scalg)− is only invariant under rescalings of g by constants. We expect that this is the only reason for
the failure of equivalence:
5.2. Conjecture. Let M be a nonempty manifold of dimension n ≥ 3, let g ∈ Metr(M). Then YM(g) =
−∞ holds if and only if ∥∥(scalg)−∥∥Ln/2(g) =∞ holds for all metrics g in the conformal class of g.
For instance, hyperbolic space is conformal to a subset of Euclidean space with ‖(scalg)−‖Ln/2(g) = 0.
Proof of Theorem 1.7(2). Let YM (g) < 0. Assume that −∞ < YM (g). Let p = pn. We choose
a compact exhaustion (K ′i)i≥1 of M and define K0 := ∅. We will construct recursively a compact
exhaustion (Ki)i≥1 of M and a sequence (vi)i≥1 in C∞c (M,R≥0)\{0} such that the properties
supp(vi) ⊆ Ki\Ki−1, Eg(vi) ≤ YM (g) + 12i , ‖vi‖Lp(g) = 1
hold for all i ≥ 1.
When Kj and vj have already been constructed with these properties for all j ∈ N with 1 ≤ j <
i, we find vi as follows. Since M\Ki−1 contains M\K ′j for all sufficiently large j, Fact 2.6 yields
YM\Ki−1(g) ≤ YM\K ′j(g) for all sufficiently large j. This implies YM\Ki−1(g) ≤ YM (g). Thus there
exists a function v˜i ∈ C∞c (M\Ki−1,R≥0) with Eg(v˜i) ≤ YM (g) + 12i and ‖v˜i‖Lp(g) = 1. We let
vi ∈ C∞(M,R≥0) be the extension of v˜i with supp(vi) = supp(v˜i) and define Ki := K ′m(i), where
m(0) := 0 and m(i) := min{j ∈ N | j ≥ i, j > m(i− 1), supp(vi) ⊆ K ′j\∂K ′j}. This completes the
recursive definition of (Ki)i≥1 and (vi)i≥1.
For each i ≥ 1, the properties supp(vi) ⊆ Ki\Ki−1 and Eg(vi) ≤ YM (g) + 12i and ‖vi‖Lp(g) = 1
hold by construction. The sets Ki form a compact exhaustion of M because (K ′i)i≥1 is a compact
exhaustion of M (each x ∈M lies in some K ′j and thus in Kj , and each Ki lies in the interior of Ki+1
because K ′m(i) lies in the interior of K
′
m(i+1)). Thus (Ki)i≥1 and (vi)i≥1 have the claimed properties.
For j, k ∈ N with 0 ≤ k < j, we consider wj,k :=
∑j
i=k+1 vi |M\Kk ∈ C∞c (M\Kk,R≥0). Using
that the supports of the functions vi are pairwise disjoint, we compute:
YM\Kk(g) ≤ Eg(wj,k) =
∫
M
(
an
∣∣∣∑ji=k+1 dvi∣∣∣2g + scalg
(∑j
i=k+1 vi
)2)
dµg(∫
M
(∑j
i=k+1 vi
)p
dµg
)2/p
=
j∑
i=k+1
∫
M
(
an|dvi|2 + scalgv2i
)
dµg
( j∑
i=k+1
‖vi‖pLp(g)
)2/p = (j − k)−2/p
j∑
i=k+1
Eg(vi)
≤ (j − k)−2/p
(
(j − k)Y M (g) +
j∑
i=k+1
1
2i
)
≤ (j − k)2/n YM (g) + 2.
Since YM (g) < 0, this tends to −∞ as j → ∞. Thus we obtain YM\Kk(g) = −∞ for each k, in
particular YM (g) = −∞, in contradiction to our assumption. Hence YM (g) = −∞. 
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Proof of Theorem 1.7(3). Let YM(g) = −∞. We argue by contradiction and assume YM (g) > −∞.
Then there exists a compact subset K0 ⊂ M with YM\K0(g) > −∞. We choose a compact subset
K1 of M whose interior contains K0, and a smooth cutoff function η ∈ C∞(M, [0, 1]) which is 1 on a
neighborhood of K0 and vanishes on a neighborhood of the closure of M\K1. Theorem 1.7(1) implies
YK1\∂K1(g) ≥ −‖(scalg)−‖Ln/2(K1;g) > −∞. Let p = pn, let v ∈ C∞c (M,R≥0) with
∫
M v
p dµg = 1.
Since ηv ∈ C∞c (K1\∂K1,R≥0) and (1− η)v ∈ C∞c (M\K0,R≥0), we obtain:
Eg(v) =
∫
M
(
an
∣∣d(ηv + (1− η)v)∣∣2
g
+ scalg
(
ηv + (1− η)v)2) dµg
=
∫
M
(
an
∣∣d(ηv)∣∣2
g
+ scalg
(
ηv
)2) dµg +
∫
M
(
an
∣∣d((1− η)v)∣∣2
g
+ scalg
(
(1− η)v)2) dµg
+ 2
∫
M
(
an
〈
d
(
ηv
)
, d
(
(1− η)v)〉
g
+ scalg η (1− η) v2
)
dµg
≥ YK1\∂K1(g)
(∫
M
ηpvpdµg
)2/p
+ YM\K0(g)
(∫
M
(1− η)pvpdµg
)2/p
+ 2
∫
M
(
an
〈
η dv + v dη, (1 − η) dv − v dη〉
g
+ scalg η (1− η) v2
)
dµg
≥ min{YK1\∂K1(g), 0}+min{YM\K0(g), 0}− 2∥∥scalg η (1− η)∥∥Ln/2(g)
+ 2an
∫
M
η(1 − η)|dv|2g dµg + an
∫
M
〈
2v dv, (1− 2η) dη〉
g
dµg − 2an
∫
M
v2|dη|2g dµg
≥ min{YK1\∂K1(g), 0}+min{YM\K0(g), 0}− 2∥∥scalg∥∥Ln/2(K1\K0;g)
+ 0− an
∫
M
v2 divg
(
(1− 2η)dη) dµg − 2an∥∥|dη|2g∥∥Ln/2(g)
≥ min{YK1\∂K1(g), 0}+min{YM\K0(g), 0}− 2∥∥scalg∥∥Ln/2(K1\K0;g)
− an
∥∥divg((1− 2η)dη)∥∥Ln/2(g) − 2an∥∥|dη|2g∥∥Ln/2(g).
This is a finite number independent of v. Hence YM(g) > −∞, a contradiction. 
6. PREPARATIONS FOR THE FINE CONTINUITY PROOFS
6.1. Lemma. Let n ∈ N, let (Ki)i≥0 be a compact exhaustion of a Riemannian n-manifold (M,g), let
(εi)i≥0 be a sequence of positive real numbers. Then there exists a function δ ∈ C∞(M,R>0) which
satisfies for every i ≥ 0 the inequalities δ |M\Ki ≤ εi and∥∥δ∥∥
Ln/2(M\Ki,g)
≤ εi,
∥∥dδ∥∥
Ln(M\Ki,g)
≤ εi,∥∥δ scalg∥∥Ln/2(M\Ki,g) ≤ εi, ∥∥∆gδ∥∥Ln/2(M\Ki,g) ≤ εi.
Proof. We define K ′−1 := ∅ and K ′i := Ki\(Ki−1\∂Ki−1) for i ≥ 0. For each i ≥ 0, we choose a
function βi ∈ C∞(K ′i, [0, 1]) which is constant 1 near K ′i−1 ∩K ′i and is constant 0 near K ′i ∩K ′i+1. We
define recursively ε′−1 := 1 and ε′i := min
{
1
2ε
′
i−1, εi
} ∈ R>0 for i ≥ 0. For all j ≥ i ≥ 0, this implies
ε′j ≤ 2−(j−i)εi. Thus
∀i ≥ 0 :
∑
j>i
ε′j ≤
∑
j>i
2−(j−i)εi = εi.
We let δ−1 := 1 and, for all i ≥ 0,
δi := min
{
δi−1, εi,
ε′i
‖1‖Ln/2(K ′i,g) + ‖scalg‖Ln/2(K ′i,g) + ‖dβi‖Ln(K ′i,g) + ‖∆gβi‖Ln/2(K ′i,g)
}
> 0.
The function δ ∈ C∞(M,R) given by δ |K ′i = (δi − δi+1)βi + δi+1 is positive because (δi)i≥0 is a
monotonically decreasing sequence of positive numbers. It satisfies δ |M\Ki ≤ εi for every i ≥ 0,
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because (δi)i≥0 is monotonically decreasing with δ |K ′i ≤ δi ≤ εi. Since M\Ki ⊆
⋃
j>iK
′
j holds for
every i ≥ 0, we obtain for i ≥ 0:∥∥δ∥∥
Ln/2(M\Ki,g)
≤
∑
j>i
∥∥δ∥∥
Ln/2(K ′j ,g)
≤
∑
j>i
δj
∥∥1∥∥
Ln/2(K ′j ,g)
≤
∑
j>i
ε′j ≤ εi,
∥∥δ scalg∥∥Ln/2(M\Ki,g) ≤∑
j>i
∥∥δ scalg∥∥Ln/2(K ′j ,g) ≤
∑
j>i
δj
∥∥scalg∥∥Ln/2(K ′j ,g) ≤
∑
j>i
ε′j ≤ εi,
∥∥dδ∥∥
Ln(M\Ki,g)
≤
∑
j>i
∥∥dδ∥∥
Ln(K ′j ,g)
≤
∑
j>i
δj
∥∥dβj∥∥Ln(K ′j ,g) ≤
∑
j>i
ε′j ≤ εi,
∥∥∆gδ∥∥Ln/2(M\Ki,g) ≤∑
j>i
∥∥∆gδ∥∥Ln/2(K ′j ,g) ≤
∑
j>i
δj
∥∥∆gβj∥∥Ln/2(K ′j ,g) ≤
∑
j>i
ε′j ≤ εi. 
6.2. Lemma. Let n ∈ N, let (Ki)i∈N be a compact exhaustion of a Riemannian n-manifold (M,g), let
(εi)i∈N be a sequence of positive real numbers. Then there exist a fine C2-neighborhood U of g and a
function δ ∈ C∞(M,R>0) such that the following conditions hold for all h ∈ U :
(1) ∀i ∈ N : δ |M\Ki ≤ εi and ‖δ‖Ln/2(M\Ki,g) ≤ εi and ‖δ scalg‖Ln/2(M\Ki,g) ≤ εi.
(2) ∀x ∈M : ∀α ∈ T ∗xM :
∣∣|α|2h − |α|2g∣∣ ≤ δ(x)|α|2g .
(3) |scalg − scalh| ≤ δ.
(4)
∣∣∣1− dµhdµg
∣∣∣ ≤ δ.
(5) ∀i ∈ N :
∥∥∥d(((1−δ)dµhdµg )1/2
)∥∥∥2
Ln(M\Ki,g)
≤ εi and
∥∥∥∆g((1−δ)dµhdµg
)∥∥∥
Ln/2(M\Ki,g)
≤ εi.
Proof. For each i ∈ N, we choose ε˜i ∈ R>0 so small that
ε˜i ≤ 12 ,
√
ε˜i + ε˜i ≤ √εi, 3ε˜i + 2ε˜3/2i ≤ εi.
We apply Lemma 6.1 to the sequence (ε˜i)i∈N and obtain a function δ ∈ C∞(M,R>0) with the properties
stated in Lemma 6.1, but with ε˜i instead of εi. Then condition (1) holds, because ∀i ∈ N : ε˜i ≤ εi. The
Examples 3.2 imply that g has a fine C2-neighborhood U such that every h ∈ U satisfies
(a) |scalh − scalg| < δ;
(b) ∀x ∈M : max{∣∣|α|2h − 1∣∣ ∣∣ α ∈ T ∗xM, |α|g = 1} < δ(x);
(c) ∣∣dµhdµg − 1∣∣ < δ;
(d) ∣∣d( dµhdµg )∣∣g < δ;
(e) ∣∣∆g(dµhdµg )∣∣ < δ.
Property (b) yields condition (2): that’s because ∣∣|α|2h − |α|2g∣∣ ≤ δ(x)|α|2g holds for α = 0, and because
for α ∈ T ∗xM\{0}, β := α/|α|g satisfies |β|g = 1 and thus
∣∣|β|2h − 1∣∣ ≤ δ(x), which implies that α
satisfies
∣∣|α|2h − |α|2g∣∣ ≤ δ(x)|α|2g . The properties (a) and (c) yield (3) and (4), respectively. It remains
to verify (5). Using 12 ≤ 1− ε˜i ≤ 1− δ |M\Ki ≤ 1 and (c) and (d), we obtain on M\Ki:
∣∣∣d(((1− δ)dµhdµg )1/2
)∣∣∣
g
=
∣∣∣∣∣
(1− δ)d( dµhdµg )− dµhdµg dδ
2
(
(1− δ)dµhdµg
)1/2
∣∣∣∣∣
g
≤
∣∣∣∣∣
d
(dµh
dµg
)
√
2
(dµh
dµg
)1/2
∣∣∣∣∣
g
+
∣∣∣∣∣
(dµh
dµg
)1/2 dδ
√
2
∣∣∣∣∣
g
≤ δ√
2(1 − δ) +
√
1 + δ
2
|dδ|g
≤ δ + |dδ|g.
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Hence, because of δ ≤ 1 and the properties stated in Lemma 6.1:
∀i ∈ N :
∥∥∥d(((1− δ)dµhdµg )1/2
)∥∥∥
Ln(M\Ki,g)
≤
(∫
M\Ki
δn dµg
)1/n
+ ‖dδ‖Ln(M\Ki;g)
≤
(∫
M\Ki
δn/2 dµg
)1/n
+ ε˜i = ‖δ‖1/2Ln/2(M\Ki;g) + ε˜i ≤
√
ε˜i + ε˜i ≤ √εi.
Thus the first inequality in (5) holds. Similarly we get from (c), (d), (e):∣∣∣∆g((1− δ)dµhdµg
)∣∣∣ = ∣∣∣(1− δ)∆g( dµhdµg )− dµhdµg ∆gδ − 2〈dδ, d(dµhdµg )〉g
∣∣∣ ≤ δ + 2∣∣∆gδ∣∣+ 2δ |dδ|g;
hence ∥∥∥∆g((1− δ)dµhdµg
)∥∥∥
Ln/2(M\Ki,g)
≤ ∥∥δ∥∥
Ln/2(M\Ki,g)
+ 2
∥∥∆gδ∥∥Ln/2(M\Ki,g)
+ 2
∥∥δ∥∥
Ln(M\Ki,g)
∥∥dδ∥∥
Ln(M\Ki,g)
≤ ε˜i + 2ε˜i + 2
√
ε˜i ε˜i
≤ εi.
Thus also the second inequality in (5) holds. 
6.3. Corollary. Let n ∈ N, let (M,g) be a Riemannian n-manifold, let ε ∈ R>0. Then there exist a fine
C2-neighborhood U of g and a function δ ∈ C∞(M,R>0) such that the following conditions hold for
all h ∈ U :
(1) δ ≤ ε and ‖δ‖Ln/2(g) ≤ ε and ‖δ scalg‖Ln/2(M,g) ≤ ε.
(2) ∀x ∈M : ∀α ∈ T ∗xM :
∣∣|α|2h − |α|2g∣∣ ≤ δ(x)|α|2g .
(3) |scalg − scalh| ≤ δ.
(4)
∣∣∣1− dµhdµg
∣∣∣ ≤ δ.
(5)
∥∥∥d(((1− δ)dµhdµg )1/2
)∥∥∥2
Ln(g)
≤ ε and
∥∥∥∆g((1− δ)dµhdµg
)∥∥∥
Ln/2(g)
≤ ε.
Proof. We choose any compact exhaustion (Ki)i≥0 of M with K0 = ∅ and consider the sequence
(εi)i≥0 with ∀i : εi = ε. The claim of the Corollary is the i = 0 statement of Lemma 6.2. 
7. FINE CONTINUITY: PROOFS OF THE THEOREMS 1.4 AND 1.6 AND 1.5
Proof of Theorem 1.4. By Corollary 4.2, with respect to the fine C2-topology YM is upper semicontin-
uous, and continuous at every g with YM (g) = −∞. It remains to prove lower semicontinuity at each
g ∈ Metr(M) with YM (g) > −∞. For such a g, let ε0 ∈ R>0.
Let p = 2nn−2 . We choose ε ∈ ]0, 1[ so small that
ε(1 − ε)−2/p
(
3an
2
+ 4
)
≤ ε0,(
(1− ε)−2/p − 1
)
|YM (g)| ≤ ε0,(
1− (1 + ε)−2/p(1 − ε)2
)
|YM (g)| ≤ ε0.
(1)
There exist a fine C2-neighborhood U of g and a function δ ∈ C∞(M,R>0) with the properties stated in
Corollary 6.3. For every h ∈ U and every v ∈ C∞c (M,R≥0) with
∫
M v
p dµh = 1, we have to estimate
Eh(v) from below.
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Since δ ≤ ε < 1 by 6.3(1), we can consider w = (dµhdµg (1 − δ))1/2 v ∈ C∞c (M,R≥0)\{0}. With
6.3(2,3), we obtain:
Eh(v) = an
∫
M
|dv|2h dµh +
∫
M
scalh v2 dµh
≥ an
∫
M
(1− δ) dµhdµg |dv|2g dµg +
∫
M
dµh
dµg (scalg − δ) v2 dµg
≥ an
∫
M
|dw|2g dµg − an
∫
M
v2
∣∣∣d((dµhdµg (1− δ))1/2
)∣∣∣2
g
dµg
− 2an
∫
M
〈
v dv,
(dµh
dµg (1− δ)
)1/2 d(( dµhdµg (1 − δ))1/2
)〉
g
dµg
+
∫
M
scalg(1− δ) dµhdµg v2 dµg −
∫
M
scalg(1− δ) dµhdµg v2 dµg +
∫
M
dµh
dµg (scalg − δ) v2 dµg
= Eg(w)‖w‖2Lp(g) − an
∫
M
v2
∣∣∣d(( dµhdµg (1− δ))1/2
)∣∣∣2
g
dµg
− an
2
∫
M
v2 ∆g
(dµh
dµg (1− δ)
)
dµg +
∫
M
dµh
dµg δ scalg v
2 dµg −
∫
M
dµh
dµg δ v
2 dµg.
Corollary 6.3(4) yields 1 − ε ≤ dµhdµg ≤ 1 + ε. Thus ‖v‖Lp(g) ≤ (1 − ε)−1/p ‖v‖Lp(h) = (1 − ε)−1/p.
Using this estimate and 6.3(1,5) and∥∥dµh
dµg δ scalg
∥∥
Ln/2(g)
≤ ∥∥ dµhdµg ∥∥L∞(g) ∥∥δ scalg∥∥Ln/2(g) ≤ 2∥∥δ scalg∥∥Ln/2(g),
we obtain:
Eh(v) ≥ YM (g)‖w‖2Lp(g) − an(1− ε)−2/p
∥∥∥d(( dµhdµg (1− δ))1/2
)∥∥∥2
Ln(g)
− an
2
(1− ε)−2/p ∥∥∆(dµhdµg (1− δ))∥∥Ln/2(g) − 2(1 − ε)−2/p ‖δ scalg‖Ln/2(g)
− 2(1 − ε)−2/p ‖δ‖Ln/2(g)
≥ YM (g)‖w‖2Lp(g) − ε(1 − ε)−2/p
(
3an
2
+ 4
)
≥ YM (g)‖w‖2Lp(g) − ε0.
Since w2 = (1− δ)dµhdµg v2 ≤ (1− δ)(1 + δ)v2 ≤ v2 by Corollary 6.3(1,4), we have
‖w‖2Lp(g) ≤ (1− ε)−2/p ‖w‖2Lp(h) ≤ (1− ε)−2/p ‖v‖2Lp(h) = (1− ε)−2/p.
On the other hand, w2 = (1− δ)dµhdµg v2 ≥ (1− δ)2v2 ≥ (1− ε)2v2 yields
‖w‖2Lp(g) ≥ (1 + ε)−2/p‖w‖2Lp(h) ≥ (1 + ε)−2/p(1− ε)2‖v‖2Lp(h) = (1 + ε)−2/p(1− ε)2.
Therefore we obtain from (1):
Eh(v) ≥
{
(1− ε)−2/p YM (g) − ε0 if YM (g) ≤ 0
(1 + ε)−2/p(1− ε)2 YM(g) − ε0 if YM (g) > 0
}
≥ YM (g)− 2ε0.
This holds for all v ∈ C∞c (M,R≥0) with
∫
M v
p dµh = 1 and thus for all v ∈ C∞c (M,R≥0)\{0}.
Taking the infimum over all such v yields YM (h) ≥ YM (g)−2ε0. Since for every ε0 ∈ R>0 there exists
a neighborhood U of g such that this is true for all h ∈ U , the map YM is lower semicontinuous at g. 
Following essentially the same proof we would see that also YM is continuous with respect to the
fine C2-topology. But we will show even more: that YM is locally constant.
Proof of Theorem 1.6. We have to show that each g ∈ Metr(M) has a fine C2-neighborhood on which
YM is constant. Let (Ki)i∈N be a compact exhaustion ofM . We first study the case where YM\Ki0 (g) >−∞ holds for some i0 ∈ N. By Fact 2.6, YM\Ki(g) > −∞ holds then for all i ≥ i0.
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For i > i0, there exists a vi ∈ C∞(M,R≥0) which has compact support in M\Ki and satisfies
‖vi‖Lp(g) = 1 and Eg(vi) ≤ YM\Ki(g) + i−1. For Ai :=
∫
M (scalg)− v
2
i dµg (which is a finite number
because vi has compact support), we choose εi ∈ R>0 so small that
(1− εi)−2/p
(
(1 + εi)
2i−1 + (ε2i + 3εi)Ai + (1 + εi)εi
)
≤ 2i−1,
(1− εi)−2/p (1 + εi)2 |YM\Ki(g)| ≤ |YM\Ki(g)| + i−1
(2)
and
εi(1− εi)−2/p
(
3an
2
+ 4
)
≤ i−1,(
(1− εi)−2/p − 1
)
|YM\Ki(g)| ≤ i−1,(
1− (1 + εi)−2/p(1− εi)2
)
|YM\Ki(g)| ≤ i−1.
(3)
We choose εi ∈ R>0 arbitrarily for i ≤ i0. For the resulting sequence (εi)i∈N, there exist a function
δ ∈ C∞(M,R>0) and a fine C2-neighborhood U of g with the properties stated in Lemma 6.2. We
obtain for every h ∈ U and every i > i0:
YM\Ki(h) ≤ Eh(vi) = ‖vi‖−2Lp(h)
(
an
∫
M\Ki
|dvi|2h dµh +
∫
M\Ki
scalh v2i dµh
)
≤ ‖vi‖−2Lp(h)
(
an
∫
M\Ki
(1 + εi)
2 |dvi|2g dµg +
∫
M\Ki
(δ + scalg) v2i
dµh
dµg dµg
)
≤ ‖vi‖−2Lp(h)
(
(1 + εi)
2Eg(vi)− (1 + εi)2
∫
M\Ki
scalg v2i dµg
+
∫
M\Ki
scalg v2i
dµh
dµg dµg + (1 + εi)‖δ‖Ln/2(M\Ki;g)
)
.
Using −ε2i − 3εi = (1− εi)− (1 + εi)2 ≤ dµhdµg
∣∣
M\Ki
− (1 + εi)2 ≤ (1 + εi)− (1 + εi)2 < 0, we get
YM\Ki(h) ≤ ‖vi‖−2Lp(h)
(
(1 + εi)
2Eg(vi) +
∫
M\Ki
(
dµh
dµg − (1 + εi)2
)
scalg v2i dµg + (1 + εi)εi
)
≤ ‖vi‖−2Lp(h)
(
(1 + εi)
2Eg(vi) +
∫
M\Ki
(
(1 + εi)
2 − dµhdµg
)
(scalg)− v2i dµg + (1 + εi)εi
)
≤ ‖vi‖−2Lp(h)
(
(1 + εi)
2Eg(vi) + (ε
2
i + 3εi)
∫
M\Ki
(scalg)− v2i dµg + (1 + εi)εi
)
≤ ‖vi‖−2Lp(h)
(
(1 + εi)
2
(
YM\Ki(g) + i
−1
)
+ (ε2i + 3εi)Ai + (1 + εi)εi
)
.
Since (1− εi)2/p ≤ ‖vi‖2Lp(M\Ki;h) ≤ (1+ εi)2/p and Ai ≥ 0 and 2− 2p > 0, we obtain from (2) in the
case YM\Ki(g) < 0:
YM\Ki(h) ≤
(1 + εi)
2i−1 + (ε2i + 3εi)Ai + (1 + εi)εi
(1− εi)2/p
+
(1 + εi)
2 YM\Ki(g)
(1 + εi)2/p
≤ YM\Ki(g) +
2
i
;
and in the case YM\Ki(g) ≥ 0:
YM\Ki(h) ≤
(1 + εi)
2i−1 + (ε2i + 3εi)Ai + (1 + εi)εi
(1− εi)2/p
+
(1 + εi)
2 YM\Ki(g)
(1− εi)2/p
≤ YM\Ki(g) +
3
i
.
As this holds for every i > i0, we have YM (h) ≤ YM (g) for all h ∈ U .
The proof of YM (h) ≥ YM (g) works now almost exactly as the estimates in the lower semicontinuity
part of the proof of Theorem 1.4: We replace every ε by εi, replace every M by M\Ki, replace every
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ε0 by i−1, consider test functions v ∈ C∞c (M\Ki,R≥0)\{0} instead of v ∈ C∞c (M,R≥0)\{0}, define
w :=
( dµh
dµg (1−δ)
)1/2
v as before, use (3) instead of (1), and apply the properties of δ and U from Lemma
6.2 instead of Corollary 6.3. For each i > i0, we obtain in this way Eh(v) ≥ YM\Ki(g) − 2i−1 for all
v ∈ C∞c (M\Ki,R≥0)\{0}, hence YM\Ki(h) ≥ YM\Ki(g)− 2i−1. This implies YM (h) ≥ YM (g).
Thus each g ∈ Metr(M) with YM\Ki(g) > −∞ has a fine C2-neighborhood U on which YM is
constant.
It remains to consider the case where YM\Ki(g) = −∞ for all i ∈ N. For every i > 0, there exists a
function vi ∈ C∞c (M\Ki,R≥0) with ‖vi‖Lp(g) = 1 and Eg(vi) ≤ −i. For Ai :=
∫
M (scalg)− v
2
i dµg,
we choose εi ∈ R>0 so small that the first inequality of (2) is valid. There exist a fine C2-neighborhood
U of g and a function δ ∈ C∞(M,R>0) with the properties stated in Lemma 6.2. The same estimate as
above yields
YM\Ki(h) ≤ ‖vi‖−2Lp(h)
(
(1 + εi)
2Eg(vi) + (ε
2
i + 3εi)
∫
M\Ki
(scalg)− v2i dµg + (1 + εi)εi
)
≤ (1 + εi)
2Eg(vi)
(1 + εi)2/p
+
(1 + ε2i )i
−1 + (ε2i + 3εi)Ai + (1 + εi)εi
(1− εi)2/p
≤ −i+ 2i−1.
Since this holds for all i > 0, we obtain YM (h) = −∞ for all h ∈ U .
Hence, in each case, every g ∈ U has a fine C2-neighborhood on which YM is constant. 
Proof of Theorem 1.5. Y −1M ({−∞}) is fine C2-closed in Metr(M) because of Theorem 1.4. Theorem
1.7(1,3) tells us that Y −1M ({−∞}) is equal to Y
−1
M ({−∞}). Theorem 1.6 implies that Y −1M ({−∞}) is
fine C2-open in Metr(M). 
8. PROOF OF THEOREM 1.8
8.1. Lemma. Let (M,h) be a closed Riemannian manifold of dimension n ≥ 2. If n ≥ 3, assume
YM (h) < 0. If n = 2, assume that M has negative Euler characteristic. Then there exists an ih ∈ R>0
such that for every i ∈ [ih,∞[ and every Riemannian metric g on M × R which coincides with h+ dt2
on M × [0, 3i], the inequality YM×R(g) ≤ −i1/(n+1) holds. In particular YM×R(h+ dt2) = −∞.
Proof. Let p = 2(n+1)(n+1)−2 . If dim(M) ≥ 3, then by the solution of the Yamabe problem on closed
manifolds, there is a function w ∈ C∞(M,R>0) with Eh(w) = YM (h) and ‖w‖Lq(h) = 1, where
q = 2nn−2 . Since YM(h) < 0, there exists a number ih > 0 such that
8an ‖w‖2L2(h)
i1+2/p ‖w‖2Lp(h)
+ i2/(n+1)
YM(h)
32/p ‖w‖2Lp(h)
≤ −i1/(n+1)
holds for all i ∈ [ih,∞[. For such an i, let g be a Riemannian metric on M × R which coincides with
h+ dt2 on M × [0, 3i].
We choose a function ui ∈ C∞(R, [0, 1]) with supp(ui) ⊂ [0, 3i] and ui |[i,2i] ≡ 1 and |u′i| ≤ 2i .
Then i ≤ ‖ui‖2L2(R) and ‖u′i‖2L2(R) ≤ 4i2 · 2i = 8i and i2/p ≤ ‖ui‖2Lp(R) ≤ (3i)2/p, hence
‖u′i‖2L2(R)
‖ui‖2Lp(R)
≤ 8
i1+2/p
,
‖ui‖2L2(R)
‖ui‖2Lp(R)
≥ i
(3i)2/p
=
i2/(n+1)
32/p
.
We consider the function vi ∈ C∞(M × R,R≥0)\{0} defined by vi(x, t) := w(x)ui(t).
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Since scalg(x, t) = scalh(x) and d(x,t)vi(z, 1) = ui(t)dxw(z)+w(x)u′i(t) for all (x, t) ∈M× [0, 3i]
and z ∈ TxM , and since an+1 = 4nn−1 < 4(n−1)n−2 = an and YM (h) < 0, we obtain:
Eg(vi) =
∫
M×R
(
an+1 |dvi|2g + scalg v2i
)
dµg(∫
M×R
vpi dµg
)2/p ≤
∫
M×[0,3i]
(
an|dvi|2g + scalg v2i
)
dµg
(∫
M×[0,3i]
vpi dµg
)2/p
=
an
∫
M
w2 dµh ·
∫
[0,3i]
(u′i)
2 dt+
∫
M
(
an|dw|2h + scalhw2
)
dµh ·
∫
[0,3i]
u2i dt(∫
M
wp dµh ·
∫
[0,3i]
upi dt
)2/p
=
an ‖w‖2L2(h) ‖u′i‖2L2(R) + YM (h)‖ui‖2L2(R)
‖w‖2Lp(h) ‖ui‖2Lp(R)
≤
8an ‖w‖2L2(h)
i1+2/p ‖w‖2Lp(h)
+ i2/(n+1)
YM(h)
32/p ‖w‖2Lp(h)
≤ −i1/(n+1).
Thus YM×R(g) ≤ Eg(vi) ≤ −i1/(n+1) and YM×R(h+ dt2) ≤ inf{−i1/(n+1) | i ∈ [ih,∞[} = −∞.
It remains to prove the case where M is a closed 2-manifold with χ(M) < 0. There exists an
ih ∈ R>0 with
∀i ∈ [ih,∞[ :
8a3 ‖1‖2L2(h)
i4/3 ‖1‖2
L6(h)
+ i2/3
4piχ(M)
31/3‖1‖2
L6(h)
≤ −i1/3.
We take w = 1 and define ui, vi as before. Using the Gauss–Bonnet theorem
∫
M scalh dµh = 4piχ(M),
we obtain similarly as above (with p = 2·33−2 = 6) for i ≥ ih:
Eg(vi) =
a3‖w‖2L2(h) ‖u′i‖2L2(R) +
∫
M
(
a3|dw|2h + scalhw2
)
dµh ‖ui‖2L2(R)
‖w‖2Lp(h) ‖ui‖2Lp(R)
≤
8a3 ‖1‖2L2(h)
i1+2/6 ‖1‖2
L6(h)
+ i2/3
4piχ(M)
31/3 ‖1‖2
L6(h)
≤ −i1/3.
Thus YM×R(g) ≤ Eg(vi) ≤ −i1/3 and YM×R(h+ dt2) ≤ inf{−i1/3 | i ∈ [ih,∞[} = −∞. 
8.2. Lemma. Let m,n ∈ N≥3, let g0 be a Riemannian metric on the open n-ball Bn. Then there is a
metric g ∈ Metr(Bn) with YBn(g) ≤ −m which coincides with g0 outside a compact subset K of Bn.
Proof. Let M be an (n − 1)-dimensional compact submanifold of Bn which admits a Riemannian
metric h of scalar curvature −1 (and hence YM (h) < 0 if n ≥ 4, and χ(M) < 0 if n = 3): If
n ≥ 4, we can choose M diffeomorphic to Sn−1; if n = 3, we can choose M diffeomorphic to a
closed orientable surface of genus 2. There exist a relatively compact (tubular) neighborhood U of M
in Bn and a diffeomorphism ϕ : M × R → U . Let ih be as in Lemma 8.1 (with the n there replaced
by n − 1). We choose a number i ≥ ih with i1/n ≥ m, and a Riemannian metric g on Bn whose
restriction to ϕ(M × [0, 3i]) is (ϕ−1)∗(h + dt2) and whose restriction to Bn\U is g0. This yields
YBn(g) ≤ YM×R(ϕ∗g) ≤ −i1/n ≤ −m by Fact 2.6 and Lemma 8.1. 
Proof of Theorem 1.8(1). From Gromov’s h-principle [11, Theorem 4.5.1] (which holds for manifolds
each of whose connected components is noncompact) we know that there exists a metric g0 ∈ Metr(M)
with positive scalar curvature. Clearly, YM (g0) ≥ 0. Hence 0 ≤ σ(M) ≤ σ(Sn).
We choose an embedded open n-ball B in M . For any m ∈ N≥3, Lemma 8.2 gives us a metric g1
on M which coincides with g0 outside a compact subset K of B and satisfies YB(g1) ≤ −m, hence
also YM(g1) ≤ −m by Fact 2.6. We consider the path g : [0, 1] → Metr(M) from g0 to g1 given by
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g(t) := (1− t)g0 + tg1. This path is continuous with respect to the fine C2-topology on Metr(M): for
every t0 ∈ [0, 1] and every neighborhood U of graph(j2(g(t0))) in J2Sym2+T ∗M , the set of t ∈ [0, 1]
with graph(j2(g(t))) ⊆ U is open in [0, 1] because all g(t) coincide outside the compact subset K of
M .
According to Theorem 1.4, the map [0, 1]→ R∪{−∞} (which actually takes only values in R) given
by t 7→ YM(g(t)) is therefore continuous, being a composition of continuous maps. Thus [−m,YM (g0)]
is contained in the image of YM . Since this holds for every m, the interval ]−∞, YM (g0)] is contained
in the image of YM .
It remains to show that there is also a metric h ∈ Metr(M) with YM (h) = −∞. We choose a
compact exhaustion (Ki)i∈N of M and a sequence of open balls Bi ⊂ Ki+1\Ki; this is possible: since
M is noncompact, each Ki+1\Ki has nonempty interior. Lemma 8.2 yields for each i ∈ N a metric hi
on Bi which coincides outside a compact subset of Bi with g0 and satisfies YBi(hi) ≤ −i. We define
h ∈ Metr(M) by h |Bi = hi for every i ∈ N, and h = g0 on M\
⋃
i∈NBi. By Fact 2.6, we have
YM (h) ≤ YBi(h) = YBi(hi) ≤ −i for all i; hence YM (h) = −∞. 
Proof of Theorem 1.8(2). If the n-manifold M , each of whose connected components is noncompact, is
diffeomorphic to an open subset of a closed n-manifold M , then there exists an embedding ι : M →M
such that for each connected component C of M the set C\ι(M) has nonempty interior. (Let C be a
connected component of M such that MC := C ∩ ι(M) is nonempty. There exists a smooth embedding
γ : [0, 1] → C with γ−1(MC) = [0, 1[. Moreover, there is a closed tubular neighborhood A in MC
of the image of γ |[0,1[ such that MC\A is diffeomorphic to MC . Taking ι |ι−1(C) to be the inclusion
ι−1(C) ∼= MC ∼= MC\A → C for each C , we obtain an embedding ι with the claimed property.) We
choose such an embedding and identify M with ι(M).
We extend the constant function an on M to a function s ∈ C∞(M,R) which is somewhere negative
on each connected component of M ; this is possible because C\M has nonempty interior for each
connected component C of M . By [17, Theorem 1.1], M admits a Riemannian metric g with scalar
curvature s. The metric g := ι∗g on M has constant scalar curvature an.
Let p = pn. By the Sobolev embedding theorem on (M,g), there is a constant c ∈ R>0 such that
‖u‖Lp(g) ≤ c‖u‖H1,2(g) holds for all u ∈ C∞(M,R). Every test function v ∈ C∞c (M,R≥0)\{0} can
be extended by 0 to a function v ∈ C∞(M,R≥0)\{0} and thus satisfies
‖v‖2Lp(g) = ‖v‖2Lp(g) ≤ c2‖v‖2H1,2(g) = c2‖v‖2H1,2(g) =
c2
an
∫
M
(
an|dv|2g + anv2
)
dµg
=
c2
an
Eg(v)‖v‖2Lp(g).
This yields Eg(v) ≥ an/c2 for all test functions v, hence YM (g) ≥ an/c2 > 0 and σ(M) > 0. 
9. THE COMPACT-OPEN DISCONTINUITY OF THE YAMABE MAP: PROOF OF THEOREM 1.1
Proof of Theorem 1.1. For the compact-open C2-topology, upper semicontinuity of YM and continuity
at metrics g with YM (g) = −∞ have been proved in Lemma 4.1. If M is compact, then the fine
C2-topology coincides with the compact-open C2-topology, so Theorem 1.4 yields the compact-open
C2-continuity; of course this continuity was already known from [7, Proposition 4.31]. It remains to
show that if M is noncompact, then at each metric g ∈ Metr(M) with YM(g) > −∞ the Yamabe map
YM is not (lower semi)continuous with respect to the compact-open C∞-topology (and hence neither
with respect to any other compact-open Ck-topology).
Theorem 1.8(1) says that M admits a metric g−∞ with YM(g−∞) = −∞. We choose a compact
exhaustion (Ki)i≥0 of M and define (gi)i≥0 in Metr(M) by
gi :=
{
g on Ki
g−∞ on M\Ki+1
,
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and on Ki+1\Ki in an arbitrary way such that gi becomes a smooth metric on M . Then (gi)i≥0 con-
verges to g in the compact-open C∞-topology: since every compact subset K of M is contained in some
Kj , we have ‖gi − g‖Cr(K;g) ≤ ‖gi − g‖Cr(Kj ;g) = 0 for i ≥ j and all r ∈ N.
By Theorem 1.7(3), YM (g−∞) = −∞ implies limi→∞ YM\Ki(g−∞) = −∞. Since the sequence(
YM\Ki(g−∞)
)
i≥0
is monotonically increasing, it must be constant −∞.
Hence YM(gi) ≤ YM\Ki+1(gi) = YM\Ki+1(g−∞) = −∞ for all i ≥ 0. But the limit metric g
satisfies YM(g) > −∞. This shows that YM is not compact-open C∞-continuous at g. 
10. PREPARATIONS FOR THE UNIFORM CONTINUITY PROOF
10.1. Lemma. Let M be a manifold, let ε ∈ R>0. Every g ∈ Metr(M) has a neighborhood U with
respect to the uniform C2-topology such that the following properties hold for all h ∈ U :
(1) ∀α ∈ T ∗M : ∣∣|α|2h − |α|2g∣∣ ≤ ε|α|2g .
(2)
∣∣∣dµhdµg − 1
∣∣∣ ≤ ε.
(3) |scalh − scalg| ≤ ε2
(
1 + |Ricg|g
)
.
Remark. The occurrence of |Ricg|g on the right-hand side of (3) is not surprising, because the lineariza-
tion of g 7→ scalg [7, Theorem 1.174(e)] involves the Ricci tensor. But in order to prove the lemma,
also the remainder term in the Taylor expansion has to be estimated on arbitrary noncompact manifolds.
Therefore it is hard to avoid the slightly tedious elementary arguments in the following proof.
Proof. Since R>0 ∋ t 7→ 1t is continuous, there exists a δ ∈ R>0 such that
∣∣1
t − 1
∣∣ ≤ ε holds for all
t ∈ R>0 with |t−1| ≤ δ. We claim that every h ∈ Ng,δ,0 satisfies (1). In order to prove that, we consider
h ∈ Ng,δ,0 and x ∈ M and α ∈ T ∗xM . The spectral theorem yields a g-orthonormal basis (e1, . . . , en)
of TxM which is also h-orthogonal; thus there are h1, . . . , hn ∈ R>0 with ∀i, j : h(ei, ej) = hiδij . The
condition h ∈ Ng,δ,0 implies |h−g|g(x) ≤ δ, i.e. δ2 ≥
∑n
i,j=1(h(ei, ej)−g(ei, ej))2 =
∑n
i=1(hi−1)2.
In particular ∀i : |hi− 1| ≤ δ, hence ∀i :
∣∣ 1
hi
− 1∣∣ ≤ ε. For the numbers αi := α(ei), we compute (using
that
(
h
−1/2
1 e1, . . . , h
−1/2
n en
)
is an h-orthonormal basis of TxM ):∣∣∣|α|2h − |α|2g∣∣∣ =
∣∣∣∣∣
n∑
i=1
1
hi
α2i −
n∑
i=1
α2i
∣∣∣∣∣ ≤
n∑
i=1
∣∣∣∣ 1hi − 1
∣∣∣∣α2i ≤ ε|α|2g .
This proves our claim; in particular, every element h of U1 := Ng,δ,2 ⊆ Ng,δ,0 satisfies (1).
Since (R>0)n ∋ (t1, . . . , tn) 7→
∏n
i=1
√
ti is continuous, there exists a number δ2 ∈ R>0 such that∣∣∏n
i=1
√
ti − 1
∣∣ ≤ ε holds for all (t1, . . . , tn) ∈ (R>0)n with ∀i : |ti − 1| ≤ δ2. We claim that every
h ∈ Ng,δ2,0 satisfies (2). In order to prove that, we consider h ∈ U2 and x ∈ M and again a g-
orthonormal basis (e1, . . . , en) of TxM which is also h-orthogonal, and we define h1, . . . , hn as before.
We obtain∣∣∣dµhdµg − 1
∣∣∣(x) = ∣∣∣∣dµh(e1, . . . , en)dµg(e1, . . . , en) − 1
∣∣∣∣ =
∣∣∣∣∣dµh
(
h
−1/2
1 e1, . . . , h
−1/2
n en
)
dµg(e1, . . . , en)
n∏
i=1
h
1/2
i − 1
∣∣∣∣∣ =
∣∣∣∣∣
n∏
i=1
h
1/2
i − 1
∣∣∣∣∣.
Since ∀i : |hi − 1| ≤ δ2 holds by the same argument as above, we get
∣∣ dµh
dµg − 1
∣∣(x) ≤ ε. This is true for
every x ∈M , which proves our claim; in particular, every h ∈ U2 := Ng,δ2,2 ⊆ Ng,δ2,0 satisfies (2).
There exists a (small) number δ3 ∈ ]0, 1[ with
nδ3
1− δ3 ≤
ε
2
,
2n2
1− δ3
(
3nδ23
2(1 − δ3)2 +
3δ3
2(1 − δ3)
)
+
2n3
1− δ3
(
3δ3
2(1− δ3)
)2
≤ ε
2
.
Let U3 := Ng,δ3,2. We claim that (3) holds for every h ∈ U3.
Let x ∈ M . We choose a basis (e1, . . . , en) of TxM with the same properties as before and define
h1, . . . , hn in the same way. Existence of normal coordinates at x tells us that there are local coordinates
(x1, . . . , xn) around x such that the corresponding coordinate vector fields ∂1, . . . , ∂n satisfy at x the
equations ∂i(x) = ei and Γkij(x) = 0 for all i, j, k ∈ {1, . . . , n}, where Γkij are the Christoffel symbols
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of the metric g with respect to the local coordinates. As usual, gij and hij denote the elements of
the inverses of the matrix-valued functions (gij)i,j=1...n and (hij)i,j=1...n given by gij = g(∂i, ∂j) and
hij = h(∂i, ∂j). At x, they satisfy gij(x) = δij and hij(x) = 1hi δij . Let Γ˜
k
ij denote the Christoffel
symbols of h with respect to our local coordinates. In the following, all sums run from 1 to n.
From h ∈ Ng,δ3,2, we deduce ∀i : δ3 ≥ |hi− 1| as before; moreover, with∇ denoting the Levi-Civita
connection of g and using ∇g = 0,
δ23 ≥ |∇h|2g(x) =
∑
i,j,k
(
(∇∂ih)(∂j , ∂k)
)2
(x) =
∑
i,j,k
(
∂ihjk −
∑
l
Γlijhlk −
∑
l
Γlikhlj
)2
(x)
=
∑
i,j,k
(∂ihjk)
2(x)
and
δ23 ≥ |∇∇h|2g(x)
=
∑
i,j,k,l
(
∂l(∇∂ih)(∂j , ∂k)
−
∑
m
(
Γmli (∇∂mh)(∂j , ∂k) + Γmlj (∇∂ih)(∂m, ∂k) + Γmlk(∇∂ih)(∂j , ∂m)
))2
(x)
=
∑
i,j,k,l
(
∂l
(
∂ihjk −
∑
m
Γmijhmk −
∑
m
Γmikhmj
))2
(x)
=
∑
i,j,k,l
(
∂l∂ihjk −
∑
m
(∂lΓ
m
ij )hmk −
∑
m
(∂lΓ
m
ik)hmj
)2
(x).
Hence we obtain for all i, j, k, l ∈ {1, . . . , n}:
δ3 ≥ |hi − 1|,
δ3 ≥ |∂ihjk|(x),
δ3 ≥
∣∣∣∂l∂ihjk − (∂lΓkij)hk − (∂lΓjik)hj∣∣∣(x).
(4)
Recall that the Christoffel symbols are given by Γ˜cab =
1
2
∑
m h
cm(∂ahbm + ∂bham − ∂mhab). Since
every function A ∈ C∞(Rn,GL(n)) satisfies ∂i(A−1) = −A−1(∂iA)A−1, we get
(∂dΓ˜
c
ab)(x) = −
∑
m
(
∂dhcm
2hchm
(
∂ahbm + ∂bham − ∂mhab
))
(x)
+
1
2hc
(
∂d∂ahbc + ∂d∂bhac − ∂d∂chab
)
(x).
(5)
Using the symmetry Γkij = Γkji, we obtain from (4):∣∣∣∂d∂ahbc + ∂d∂bhac − ∂d∂chab − 2hc∂dΓcab∣∣∣(x)
=
∣∣∣(∂d∂ahbc − hc∂dΓcab − hb∂dΓbac)
+
(
∂d∂bhac − hc∂dΓcba − ha∂dΓabc
)− (∂d∂chab − hb∂dΓbca − ha∂dΓacb)∣∣∣(x)
≤ 3δ3.
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Together with (5) and (4), this yields∣∣∣∂dΓ˜cab − ∂dΓcab∣∣∣(x) ≤∑
m
∣∣∣∣ ∂dhcm2hchm
(
∂ahbm + ∂bham − ∂mhab
)∣∣∣∣(x)
+
∣∣∣∣∂d∂ahbc + ∂d∂bhac − ∂d∂chab − 2hc∂dΓcab2hc
∣∣∣∣(x)
≤
∑
m
3δ23
2hchm
+
3δ3
2hc
≤ 3nδ
2
3
2(1− δ3)2 +
3δ3
2(1− δ3) .
The well-known local coordinate formula for scalar curvature tells us that
scalg(x) =
∑
a,b,c
gab
(
∂cΓ
c
ab − ∂bΓcac +
∑
d
ΓdabΓ
c
cd −
∑
d
ΓdacΓ
c
bd
)
(x) =
∑
a,c
(
∂cΓ
c
aa − ∂aΓcac
)
(x)
and
scalh(x) =
∑
a,b,c
hab
(
∂cΓ˜
c
ab − ∂bΓ˜cac +
∑
d
Γ˜dabΓ˜
c
cd −
∑
d
Γ˜dacΓ˜
c
bd
)
(x)
=
∑
a,c
∂cΓ˜
c
aa − ∂aΓ˜cac +
∑
d Γ˜
d
aaΓ˜
c
cd −
∑
d Γ˜
d
acΓ˜
c
ad
ha
(x).
The local coordinate formula for Ricg yields for each a ∈ {1, . . . , n}:
|Ricg|g ≥ |Ricg(ea, ea)| =
∣∣∣∣∑
c
(
∂cΓ
c
aa − ∂aΓcac +
∑
d
ΓdaaΓ
c
cd −
∑
d
ΓdacΓ
c
ad
)∣∣∣∣(x)
=
∣∣∣∣∑
c
(
∂cΓ
c
aa − ∂aΓcac
)∣∣∣∣(x) .
Using the estimate (which follows from (4))∣∣Γ˜cab∣∣(x) ≤ 12
∑
m
∣∣∣hcm(∂ahbm + ∂bham − ∂mhab)∣∣∣(x) ≤ 3δ3
2(1 − δ3) ,
we obtain finally:
∣∣scalh − scalg∣∣(x) =
∣∣∣∣∣
∑
a,c
∂cΓ˜
c
aa − ∂aΓ˜cac +
∑
d Γ˜
d
aaΓ˜
c
cd −
∑
d Γ˜
d
acΓ˜
c
ad − ha
(
∂cΓ
c
aa − ∂aΓcac
)
ha
∣∣∣∣∣(x)
≤
∑
a,c
∣∣∣∣∣
(
∂cΓ˜
c
aa − ∂cΓcaa
)− (∂aΓ˜cac − ∂aΓcac)
ha
∣∣∣∣∣(x)
+
∑
a,c,d
∣∣∣∣∣ Γ˜
d
aaΓ˜
c
cd − Γ˜dacΓ˜cad
ha
∣∣∣∣∣(x) +
∑
a
|1− ha|
ha
∣∣∣∣∣
∑
c
(
∂cΓ
c
aa − ∂aΓcac
)∣∣∣∣∣(x)
≤ 2n
2
1− δ3
(
3nδ23
2(1 − δ3)2 +
3δ3
2(1 − δ3)
)
+
2n3
1− δ3
(
3δ3
2(1− δ3)
)2
+
nδ3
1− δ3 |Ricg|g(x)
≤ ε
2
(
1 + |Ricg|g(x)
)
.
This is true for every x ∈M , which proves our claim.
The uniform C2-neighborhood U := U1 ∩ U2 ∩ U3 of g has the desired property. 
10.2. Corollary. Let M be a manifold, let ε ∈ R>0. If g ∈ Metr(M) admits a constant c ∈ R>0 with
|Ricg|g ≤ c(1 + |scal|g), then it has a neighborhood U with respect to the uniform C2-topology such
that the following properties hold for all h ∈ U :
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(1) ∀α ∈ T ∗M : ∣∣|α|2h − |α|2g∣∣ ≤ ε|α|2g .
(2)
∣∣∣dµhdµg − 1
∣∣∣ ≤ ε.
(3) |scalh − scalg| ≤ ε2
(
1 + |scalg|
)
.
Proof. We apply Lemma 10.1 to ε˜ := ε1+c instead of ε. Let h be an element of the resulting uniform
C2-neighborhood U of g. Since ε˜ ≤ ε, we obtain our properties (1), (2) from the properties (1), (2) of
10.1. Moreover, |scalh − scalg| ≤ ε˜2
(
1 + |Ricg|g
) ≤ ε˜2(1 + c+ c|scalg|) ≤ ε2(1 + |scalg|). 
11. CONTINUITY WITH RESPECT TO THE UNIFORM TOPOLOGY: PROOF OF THEOREM 1.2
Proof of Theorem 1.2. Upper semicontinuity and continuity at metrics with Yamabe constant −∞ fol-
low from Corollary 4.2. It remains to prove lower semicontinuity at each metric g ∈ Metr(M) with
YM (g) > −∞ for which there exist constants δ, c ∈ R>0 with ‖(scalg − δ)−‖Ln/2(g) < ∞ and
|Ricg|g ≤ c(1 + |scalg|).
We start with the case δ = 1. Let ε0 ∈ ]0, 1[. Let p = pn. There exists a (small) ε ∈ ]0, 1[ such that
3
2ε(7 − ε)(1 − ε)−2/p
∥∥(scalg − 1)−∥∥Ln/2(g) ≤ ε0
and
(
1− (1− ε)
2
(1 + ε)2/p
)
|YM (g)| ≤ ε0.
Let
A :=
{
x ∈M
∣∣∣ ε2(1− ε2)−1 ≤ scalg(x)},
B :=
{
x ∈M
∣∣∣ 0 < scalg(x) < ε2(1− ε2)−1},
C :=
{
x ∈M
∣∣∣ scalg(x) ≤ 0}.
We choose a uniform C2-neighborhood of U with the properties stated in Corollary 10.2. For every
h ∈ U and v ∈ C∞c (M,R≥0), we have
− (1− ε)2
∫
A
scalg v2 dµg +
∫
A
(
scalg − ε2 |scalg| − ε2
)
v2 dµhdµg dµg
≥ −(1− ε)2
∫
A
scalg v2 dµg + (1− ε)
∫
A
((
1− ε2
)
scalg − ε2
)
v2 dµg
= ε2(1− ε)
∫
A
(scalg − 1) v2 dµg
≥ − ε2(1− ε)
∫
A
(scalg − 1)− v2 dµg ≥ − ε2(1− ε)
∥∥(scalg − 1)−∥∥Ln/2(A;g) ‖v‖2Lp(A;g)
≥ − ε2(1− ε)
∥∥(scalg − 1)−∥∥Ln/2(g) ‖v‖2Lp(g)
and
− (1− ε)2
∫
B
scalg v2 dµg +
∫
B
(
scalg − ε2 |scalg| − ε2
)
v2 dµhdµg dµg
≥ −(1− ε)2
∫
B
scalg v2 dµg + (1 + ε)
∫
B
((
1− ε2
)
scalg − ε2
)
v2 dµg
≥ ε2 (5− 3ε)
∫
B
scalg v2 dµg − ε2(1 + ε)
∫
B
v2 dµg ≥ ε2(5− 3ε)
∫
B
(scalg − 1) v2 dµg
≥ − ε2(5− 3ε)
∥∥(scalg − 1)−∥∥Ln/2(g) ‖v‖2Lp(g)
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and
− (1− ε)2
∫
C
scalg v2 dµg +
∫
C
(
scalg − ε2 |scalg| − ε2
)
v2 dµhdµg dµg
≥ −(1− ε)2
∫
C
scalg v2 dµg + (1 + ε)
∫
C
((
1 + ε2
)
scalg − ε2
)
v2 dµg
= ε2(7− ε)
∫
C
scalg v2 dµg − ε2(1 + ε)
∫
C
v2 dµg ≥ ε2(7− ε)
∫
C
(scalg − 1) v2 dµg
≥ − ε2(7− ε)
∥∥(scalg − 1)−∥∥Ln/2(g) ‖v‖2Lp(g) ;
hence, using
∫
M v
p dµg =
∫
M v
p
( dµh
dµg
)−1dµh ≤ (1− ε)−1 ∫M vp dµh:
− (1− ε)2
∫
M
scalg v2 dµg +
∫
M
(
scalg − ε2 |scalg| − ε2
)
v2 dµhdµg dµg
≥ −32ε(7− ε)
∥∥(scalg − 1)−∥∥Ln/2(g) ‖v‖2Lp(g)
≥ −32ε(7− ε)(1 − ε)−2/p
∥∥(scalg − 1)−∥∥Ln/2(g) ‖v‖2Lp(h) .
We get for all h ∈ U and v ∈ C∞c (M,R≥0) with ‖v‖Lp(h) = 1:
Eh(v) = an
∫
M
|dv|2h dµhdµg dµg +
∫
M
scalh v2 dµhdµg dµg
≥ (1− ε)2
∫
M
an |dv|2g dµg +
∫
M
(
scalg − ε2 |scalg| − ε2
)
v2 dµhdµg dµg
= (1− ε)2
(
Eg(v) ‖v‖2Lp(g) −
∫
M
scalg v2 dµg
)
+
∫
M
(
scalg − ε2 |scalg| − ε2
)
v2 dµhdµg dµg
≥ (1− ε)2 YM (g) ‖v‖2Lp(g) − 32ε(7− ε)(1 − ε)−2/p
∥∥(scalg − 1)−∥∥Ln/2(g) .
Since (1 + ε)−2/p = (1 + ε)−2/p ‖v‖2Lp(h) ≤ ‖v‖2Lp(g) ≤ (1 − ε)−2/p ‖v‖2Lp(h) = (1 − ε)−2/p, we
obtain in the case YM (g) ≥ 0:
(1− ε)2 YM (g) ‖v‖2Lp(g) ≥
(1− ε)2
(1 + ε)2/p
YM (g) = YM (g) −
(
1− (1− ε)
2
(1 + ε)2/p
)
|YM (g)| ≥ YM(g) − ε0;
and in the case YM (g) < 0:
(1− ε)2 YM (g) ‖v‖2Lp(g) ≥
(1− ε)2
(1− ε)2/p YM (g) ≥ YM (g),
because 2− 2/p > 0. This yields in each case:
Eh(v) ≥ YM(g) − 2ε0 ,
hence YM (h) ≥ YM (g) − 2ε0. Since there exists for every ε0 ∈ R>0 a uniform C2-neighborhood U
such that this holds for all h ∈ U , the Yamabe map is indeed lower semicontinuous in the case δ = 1.
Now we consider an arbitrary δ ∈ R>0. Because of our assumption on g, the metric g = δg satisfies
|Ricg|g = 1δ |Ricg|g ≤ cδ (1 + |scalg|) = cδ (1 + δ|scalg|) ≤ c˜(1 + |scalg|) for c˜ := cmax
{
1, 1δ
}
, and∫
M
(
(scalg − 1)−
)n/2dµg =
∫
M
(
1
δ (scalg − δ)−
)n/2
δn/2 dµg =
∫
M
(
(scalg − δ)−
)n/2dµg <∞.
Thus the case we have proved already (applied to g, c˜ instead of g, c) yields lower semicontinuity of YM
at g and hence, by conformal invariance of YM , also at g. 
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12. DISCONTINUITY WITH RESPECT TO THE UNIFORM TOPOLOGY: PROOF OF EXAMPLE 1.3
Proof of 1.3. Since σ(N) > 0, there exists a metric h ∈ Metr(N) with YN (h) ≥ 0. Like every
nonempty closed manifold of dimension ≥ 3, N admits a metric h′ with YN (h′) < 0. We choose a
smooth path (ht)t∈[0,1] in Metr(N) with h0 = h′ and h1 = h. Let t0 := min{t ∈ [0, 1] | YN (ht) = 0}
(the minimum exists because YN is continuous). By the solution of the Yamabe problem for closed
manifolds, the conformal class of ht0 contains a metric kt0 = f2ht0 with scalar curvature 0. For
t ∈ [0, 1], let kt := f2ht and gt := kt + dt2. Then YN (kt) = YN (ht) < 0 for all t < t0. Thus, for
all t < t0, Lemma 8.1 implies YM (gt) = −∞. On the other hand, YM (gt0) ≥ 0 because scalgt0 = 0.
Every uniform C∞-neighborhood of gt0 contains metrics gt with t < t0, because for each r ∈ N,
‖gt − gt0‖Cr(gt0 ) = ‖kt − kt0‖Cr(kt0) = ‖f2(ht − ht0)‖Cr(kt0 ) tends to 0 as t → t0. Hence YM is not
continuous at gt0 with respect to the uniform C∞-topology, and thus not continuous with respect to any
uniform Ck-topology. 
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